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Abstract
In the AdS-CFT correspondence, a functional integral Z(f) over a
Euclidean scalar eld φ(z, x) on anti-deSitter space with an insertion
δ(φ0 − f) xing the boundary values φ0(x) at z = 0, serves as the
generating functional for the correlation functions of a Euclidean con-
formal eld O(x) \dual" to the AdS eld φ. It is shown that Z(f) can
also be interpreted as a functional integral with the same action but
with the insertion exp(iφ0  f) instead, by re-specifying the boundary
conditions on the propagators. This implies that the dual eld O in
fact equals the restriction to the boundary, φ0, of the AdS eld φ of
the latter functional integral.
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MSC 2000: 81T20, 81T30
1 Introduction
The AdS-CFT correspondence owes much of its fascination to the fact that
it produces conformal correlation functions for the \dual" eld O with per-
fectly sensible eld theoretical properties (including operator product expan-
sions, Ward identities, and positivity [6, 9, 12]), inspite of the highly non
eld theoretical appearance of their generating functional: the idea to use
(boundary) values of the bulk eld as the source for the dual eld, is deeply
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On the other hand, there exist complementary eld theoretical notions
of AdS-CFT correspondence [1, 16] according to which the boundary con-
formal QFT is simply a restriction (boundary limit) of a bulk QFT, such
that the restricted correlation functions quite naturally inherit the eld the-
oretical features. In the Wightman axiomatic framework is has been shown
[1] that the boundary limits of AdS correlation functions fulll the physical
requirements of a local conformal QFT in Minkowski space. Apart from the
symmetry aspects, the main point is that Hilbert space positivity (unitar-
ity) survives the restriction. The same conclusion can be drawn from the
algebraic treatment in [16] where the local observables of a QFT on AdS and
a corresponding conformal QFT (CFT) are identied, and in particular the
sharply localized conformal observables coincide with the AdS observables
close to the boundary. (The algebraic treatment also admits to character-
ize and dene the observables in the interior of AdS in terms of conformal
observables.)
The obvious question arises whether the two notions of AdS-CFT cor-
respondence are actually equivalent, contrary to the rst appearance. The
aim of the present article is to show that they are. Before we discuss the
equivalence, let us concentrate on the apparent structural inequivalence.
A eld φ0(x) obtained by restriction to the boundary z = 0 of an AdS
eld φ(z, x) is dened, in the Euclidean functional integral formalism, by









Dφ e−I(φ) exp i
∫
φ0f. (1.1)
Clearly, (1.1) is just a special case of the textbook formula for the gener-
ating functional for Euclidean correlation functions of φ(F ) =
∫
φF , when
the smearing function F is supported on the boundary, F (z, x)  δ(z)f(x)
(involving in fact a renormalization by a suitable power of z, see below).
In contrast, the string-inspired AdS-CFT correspondence uses a \dual"
description [7, 18] in which the dependence of the generating functional on









Dφ e−I(φ)δ(φ0 − f). (1.2)
Note that Z˜(f) is actually the functional Fourier transform of Z(f). There-
fore the success of the prescription (1.2) is a most non-trivial feature from
a eld theoretical point of view.
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In fact, we are going to establish (for scalar elds) a direct identication
between formula (1.1) and formula (1.2), which allows to draw the conclusion
that the dual eld O is also the boundary restriction of a bulk eld. More
precisely, we shall have to specify the function spaces to which the functional
measures Dφ apply, giving rise to two dierent functional integrals Z˜(f),
Z(f) of either type (1.1), (1.2), the superscript distinguishing the two
relevant function spaces. We shall establish the identity, valid graph by
graph in the formal Euclidean perturbation series,
Z−(if) = Z˜+(c+f) (1.3)
with a numerical coecient c+. This implies that the conformal eld O−
dened by the AdS-CFT prescription (1.2) coincides with φ+0 dened by the
eld theoretical restriction prescription (1.1),
O− = c+φ+0 . (1.4)
This observation reconciliates the usual dual interpretation of the AdS-
CFT correspondence [7, 18] with the apparently conflicting interpretation
as the restriction of a bulk eld theory [1, 16]. The perturbative expansion
of O− matches the ordinary perturbative expansion for the interacting eld
φ+ in the bulk of AdS, with subsequent restriction to the boundary. Since in
its essence our argument is geometric, we expect the result not to be limited
to scalar elds.
Although this complementary view of the AdS-CFT correspondence is
presumably known to the experts, and implicitly underlies discussions of
causality in bulk vs. boundary propagation of excitations (e.g., [15]), it is
apparently never spelled out in the original papers, nor in the many review
articles on the subject. It makes the issue appear much more natural from
a quantum eld theoretical point of view, diminuishing the clash between
various interpretations, [1, 16] vs. [7, 18].
We emphasize that these results concern the formal perturbative expan-
sions of the Euclidean boundary eld theories in question, subject to the
well-known diculties encountered in the Euclidean functional integral ap-
proach. Clearly, individual graphs require renormalization, and the entire
series diverges. Moreover, the correlation functions may fail to satisfy the
Osterwalder-Schrader (OS) positivity condition [14], which is crucial in order
to qualify as Schwinger functions of an associated real-time QFT. Only OS
positivity guarantees Einstein causality, Hilbert space positivity and positiv-
ity of the energy. The positivity property of the functional integral inherited
from the Gaussian measure is not sucient in this respect.
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The graph-by-graph identication (1.3) is not aected by renormaliza-
tion (if the same renormalization conditions are imposed) and analytical
continuation. One may therefore expect that a proper renormalized real-
time interpretation of (1.2) also coincides with the real-time perturbation
theory for a bulk eld with subsequent restriction.
Let us also mention that it is known for a long time that quantum elds,
given as operator valued distributions, may be restricted to time-like hyper-
surfaces without any harm [4], dening (non-Lagrangian) quantum elds in
one dimension less. Thus, the idea of restriction is nothing special of AdS,
but applies as well in flat space. In contrast, restrictions of quantum elds
to space-like surfaces (\time zero elds") [8] or light fronts [17] are generally
too singular to exist.
2 A discrete model
In order to focus on the algebraic rather than analytic structures of the rele-
vant propagators, we rst consider nite-dimensional Gaussian integrals, re-
placing anti-deSitter space by a lattice. In the nite-dimensional case, formal
manipulations with Gaussian integrals are exact. In particular, there is no
room for further specications of propagators, and the generating function-
als Z(if) and Z˜(f) are denitely distinct. We shall see that the dierence
resides entirely in the propagators. Only after returning to the continuum
in the next section, and exploiting special properties of Green functions on
AdS, the identication as announced in the Introduction will be possible.
We choose an (N +1)M lattice with points ij, i = 0 . . . N , j = 1 . . . M ,
reserving the column i = 0 for the \boundary". Accordingly, we arrange the
values φij of our discretized real scalar eld at the lattice sites as a vector
φ = (φij)i=0...N,j=1...M in R(N+1)M  RN+1 ⊗RM . With e the 0 unit vector
in RN+1, we write the restricted eld as the column of its boundary values
φ0 = (φ0j)j=1...M = (et ⊗ 1M )φ 2 RM . (We shall refrain from writing ⊗1 in
the sequel).
The quadratic part 12 (φ,Aφ) of the action is given by a symmetric matrix
A 2 Mat(N+1)M (R)  MatN+1(R)⊗MatM (R), which is conveniently treated
as an (N +1)(N +1) matrix (Aii0)i,i0=0...N whose entries are in turn MM




(φ,Aφ) + V (φ) (2.1)
with a local polynomial potential V (φ) =
∑
ij v(φij).
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We proceed in the usual perturbative way by expanding exp−V (φ) as a
power series, and performing the Gaussian integrals.
The integral Z˜(f), f 2 RM , is computed by completing the square and









(φ,Aφ) exp−V (φ + iA−1(e⊗ f)). (2.2)
The Gaussian prefactor comes from (e ⊗ f,A−1(e ⊗ f)) = (f, (A−1)00f),
where we have introduced the M M matrix
α := etA−1e  (A−1)00 2 MatM (R). (2.3)
For the integral Z(f), f 2 RM , we use the projections E = eet of rank
1 (\boundary") and E? = 1N+1 − E of rank N (\bulk") to separate the
boundary variables from the bulk variables:
φ = Eφ + E?φ  e⊗ φ0 + E?φ, (2.4)
and perform the obvious integration over the boundary variables φ0, thus
φ = e ⊗ f + E?φ. In order to decouple the external variables f from the
integration variables E?φ, we shift the latter by E?A−1(e⊗α−1f) such that
φ = E?φ0+e⊗f +E?A−1(e⊗α−1f). Writing e⊗f = EA−1(e⊗α−1f), we
get φ = E?φ0 + A−1(e⊗ α−1f). The quadratic term decouples as desired:
(φ,Aφ) = (f, α−1f) + (E?φ0, AE?φ0), (2.5)










(E?φ,AE?φ) exp−V (E?φ + A−1(e⊗ α−1f)). (2.6)
From these formulae (2.2), (2.6), we read o the diagrammatical rules.
The vertices, given by the polynomial structure of the potential v, are com-
mon to both functional integrals. They involve a summation over the lattice
sites. Due to the respective shifts of the variable φij , there are inner lines
(corresponding to the integration variables) and outer lines (corresponding
to the external variables f) attached to each vertex.
The \bulk-to-bulk propagator" for the inner lines connecting two vertices
is the inverse of the Gaussian covariance matrix of the respective integral.
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The \bulk-to-boundary" propagator for the outer lines is the ((N +1)MM
matrix-valued) coecient of f in the shifted argument of V .
For Z˜(f) with the exponential insertion, eq. (2.2), we read o the bulk-
to-bulk propagator
G = A−1 (2.7)
and the bulk-to-boundary propagator
iH = iA−1e (2.8)
which is simply the boundary restriction of G.
For Z(f) with the δ function insertion, eq. (2.6), the bulk-to-bulk prop-
agator is found to be (as will be explained presently)
Γ = A−1 −A−1eα−1etA−1 (2.9)
and the bulk-to-boundary propagator is
K = A−1eα−1  Hα−1. (2.10)
The formula for Γ is obtained as follows. Since only the bulk variables
E?φ propagate, as an (N + 1)  (N + 1) matrix, Γ should have vanishing
0 (boundary) components. On the orthogonal (bulk) subspace E?RN+1, Γ
should be the inverse of A. Hence
EΓ = 0 = ΓE and E?AΓ = E? = ΓAE?. (2.11)
These two conditions determine the matrix Γ uniquely as in (2.9). Likewise,
K is uniquely characterized by the two conditions
EK = e and E?AK = 0. (2.12)
We recognize (2.11) as a discrete version of Dirichlet boundary conditions
for the inverse of A on the bulk. This property will be crucial when we pass
to the continuum in the next section.1
We conclude that the two functional integrals Z(f) and Z˜(f) are ob-
tained as sums over the same sets of graphs but with dierent propagators
to be inserted for the internal and external lines, and with dierent leading
Gaussian prefactors.
1It is also instructive to pass to the other extreme in which the lattice consists of only
















where 1=c = γ − 2=.
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3 Propagators on AdS
Passing to Euclidean eld theory on d+1-dimensional anti-deSitter space, we
substitute the real scalar eld φ(z, x) for the vector φ, and the Klein-Gordon
operator for the matrix A:





in the usual coordinates z 2 R+, x 2 Rd. The scalar product (φ,Aφ) is given




g = z−1−d. The




g v(φ(z, x)) with some polynomial
density v(φ).
The inverse G = A−1 is the Green function solving
(−g + M2)G(z, x; z0, x0) = z1+dδ(z − z0)δd(x− x0). (3.2)
There are two linearly independent solutions,
G(z, x; z0, x0) = N  ξ∆2F1(, − d2 +
1
2
, 2 − d + 1;−4ξ) (3.3)
where ξ = zz
0






2, and the normalization
coecients are N = (1/2)pi−d/2Γ()/Γ( − d/2 + 1) (excluding at this
stage only negative integer values of − or − − d2 ; cf. Sect. 4, however).
The two solutions are distinguished by the boundary behaviour
G  z∆ as z ! 0 (3.4)
(and likewise for z0). The choice of either of them therefore species the
functional integrations to extend over spaces of functions φ(z, x) with the
corresponding boundary behaviour  z∆ . We denote the corresponding
integrals (1.1) and (1.2) by Z˜(f) and Z(f).2 This entails that the relevant
restriction maps e, substituting the map φ ! φ0 = etφ of the discrete
model, are given by the limits
φ0 (x) := limz!0
z−∆φ(z, x). (3.5)
2The Klein-Gordon operator (3.1) is homogeneous in z near the boundary and hence
preserves spaces of functions  which behave like  zp near z = 0. The integral (; A)
converges at z = 0 and is symmetric as a quadratic form only if p > d
2
. Nevertheless,
proceeding formally also in the case of Z− where p = − < d2 , will turn out to be justied
(due to the suppression of the boundary functional integration variables by the  function),
and in fact match the perturbative rules adopted in the literature [6, 7, 11, 18].
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As in the discrete model, we read o the diagrammatical rules for the
functional integrals. For both Z˜(f) and Z(f), the vertices are given
by the polynomial structure of the potential density v, and involve a bulk
integration with measure dz ddx
p
g.
For the eld theoretical integrals Z˜(f), the bulk-to-bulk propagators
are G(z, x; z0, x0) as in eq. (3.3). As the continuum analog of iH = iGe,
eq. (2.8), one computes the bulk-to-boundary propagator as the limit
iH(z, x; , x0) = i lim
z0!0
z0−∆G(z, x; z0, x0) = N  i
(
z




and likewise, by analogy with α = etGe = etH, eq. (2.3),
α(x, x0) = lim
z!0
z−∆H(z, x; , x0) = N  (x− x0)−2∆ . (3.7)
Thus,  are the non-canonical scaling dimensions of the boundary elds
φ0 (at tree level).
To compute the propagators Γ and K for the string-inspired integrals
Z(f) according to the analogs of (2.9) and (2.10), would involve tedious
integrations. Instead, we exploit the characterizing properties (2.11) and
(2.12). Translated into the continuum context, (2.11) states that Γ solve
Green’s dierential equation (3.2) in the bulk, and vanish on the boundary.
In other words, they are the Green functions with Dirichlet conditions with
respect to the restrictions given by the limits e. Now, since + > −, the
Green function G+ vanishes faster than G− by (3.4) and hence satises the
Dirichlet condition with respect to e−. We conclude that
Γ−(z, x; z0, x0) = G+(z, x; z0, x0). (3.8)
Likewise, (2.12) translates into the conditions that K solve the Klein-
Gordon equation in the bulk, and approach δd(x − x0) in the limits e.
It was shown in [18] that H share exactly these properties, up to normal-
ization coecients c = 2 − d = c+, that is
K(z, x;x0) = c H(z, x;x0). (3.9)
Finally, if suitably regularized [11], the integration kernels (x − x0)−2∆
are inverse to each other (up to another normalization coecient) due to
+ + − = d, hence
α−1 (x, x
0) = c  α(x, x0). (3.10)
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Consistency with (3.9) and (the eld theoretical analog of) (2.10) determines
c = c+c− = −(2+ − d)2 in agreement with [11]. By eq. (3.10), the dual
elds O have the non-canonical scaling dimensions  (at tree level).
These specications of Γ−, K−, and α− are, of course, exactly the propa-
gators used for Z−(f) in the AdS-CFT literature (cf. footnote 2). Our result
is not the determination of these propagators but the observation that the
same propagators also dene the functional integral Z˜+(f). This observa-
tion is a special property of Green functions on anti-deSitter space-time.




(f,α−1− f) and involves the propagators Γ− and K−, while the




and involves the propagators G+ and iH+. The graphs to be summed in
both integrals are the same, with the same vertices. Making the identi-
cations (3.8), (3.9) and (3.10), also the propagators are the same, up to a
factor. Observing the identity i2c = c2+ which makes the coecients in the
Gaussian prefactors match, we conclude that
Z−(if) = Z˜+(c+f). (3.11)




The (string theory inspired) perturbative expansion of the dual eld O− in
terms of \Witten graphs" matches the canonical (eld theoretical) expansion
for the interacting eld φ+ in the bulk of AdS, with subsequent restriction to
the boundary. We have derived this fact from a formal identication (3.11),
graph by graph, of the generating functionals for the respective Euclidean
correlation functions.
In the free case, V = 0, the integrals in (2.2) and (2.6) are of course triv-
ial, giving rise to purely Gaussian boundary elds. Their 2-point functions
being given by α and α−1 as in (3.7) and (3.10), respectively, these elds




2. Their Euclidean correlations
satisfy OS positivity provided the dimension satises the unitarity bound
  d2 − 1. In particular, φ+0 is always related to a real-time quantum eld.
The latter is a Gaussian eld with non-canonical dimension +. Such
elds belong to the class of \generalized free elds" [10] which were rst
introduced in [13] as appropriate asymptotic limits when a particle inter-
pretation breaks down (e.g., in conformal theories). The n-point functions
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of a generalized free eld are sums of products of 2-point functions, and
its commutator is a numerical distribution, but there is no Lagrangian de-
scription with an equation of motion because the Ka¨llen-Lehmann measure





(Specically, for φ0 , ρ(m




2.) It will be
shown elsewhere [5] that nevertheless a stress-energy tensor can be dened
for generalized free elds, which is more singular than a Wightman eld but
still is a local density for the generators of space-time symmetries.
The (real time) AdS-CFT correspondence thus amounts to a perturba-
tion around a conformal generalized free eld whose non-canonical dimension
is not itself a perturbative eect, unlike an anomalous dimension.
We emphasize that a standard perturbation theory around generalized
free elds has not been formulated so far, and is expected to suer from
aggravated renormalization problems: e.g., in the case of φ+0 already the








is UV divergent. Thus, the free propagator itself requires renormalization,
i.e., its distributional extension to the diagonal x = x0 is non-unique [2].
Moreover, the propagator entering the power counting argument with a
larger scaling dimension aects renormalizability always for the worse. (Be-
sides, it appears somewhat unnatural to attempt a Lagrangian perturbation
of a non-Lagrangian free eld.)
But perturbation theory around free Klein-Gordon elds on curved space-
time is well-dened [3]. Applied to AdS, the interacting elds may be re-
stricted to the boundary (in the sense of limits of correlation functions [1]).
Thus, canonical bulk perturbation theory with subsequent restriction pro-
vides a new perturbative scheme around non-canonical free elds.
Let us return to the Euclidean functional integrals. In the free case, an
identication between Z−(f) and Z˜+(f) as in (1.3) also holds symmetrically
between Z+(f) and Z˜−(f). The latter both yield the Gaussian Euclidean
eld with dimension −, and, unless the AdS mass parameter M exceeds
the unitarity bound, the real-time generalized free quantum eld with the
same dimension. But in the presence of an interaction, the generating func-
tionals Z+ and Z˜− yield dierent correlation functions since (3.8) is not
MD & KHR: Dual fields in AdS-CFT 11
symmetric due to the crucial inequality + > −. One may still ask for the
physical meaning of the two functional integrals, Z+(f) and Z˜−(f), dening
Euclidean elds O+ and φ−0 , respectively.
The dual AdS-CFT prescription Z+(f) is expected to be unstable be-
cause in the presence of an interaction the dominant solutions  z∆− no
longer remain kept apart from those  z∆+ . Our result (1.3), however,
states that formally the Z+(f) is (essentially) the Fourier transform of the
well-behaved Z−(f). This qualies and extends the observation that in the
free case the corresponding connected functionals are each other’s Legendre
transforms [11].
On the other hand, we see no obstruction against a eld theoretical
perturbation around the canonical free bulk eld φ− [2], which then admits
a sensible restriction φ−0 . Its generating functional Z˜
−(f), however, would
be no obvious transform of a dual AdS-CFT functional with δ function
insertion.
We nally notice that our convention for the action (involving the Klein-
Gordon operator (3.1)) along with relation (3.10) yield the normalizations
c  N = −pi−d/2(2 − d)  Γ()/Γ( − d/2) for the tree level 2-point
functions α−1 of the dual elds O according to (2.6). These are the correct
normalizations required by Ward identities when the scalar eld is coupled
to a vector eld [6, 11]. Our identication (1.3) suggests that the fulllment
of Ward identities is another feature which is inherited upon restriction from
the QFT on the bulk.
Acknowlegment: We acknowledge partial supported of this work by
the Deutsche Forschungsgemeinschaft. We are grateful to D. Buchholz and
K. Fredenhagen for critical and helpful comments.
References
[1] M. Bertola, J. Bros, U. Moschella, R. Schaeer, A general construction of
conformal field theories from scalar anti-de Sitter quantum field theories, Nucl.
Phys. B 587 (2000) 619{644 [=hep-th/9908140].
[2] P. Breitenlohner, D. Z. Freedman, Stability in gauged extended supergravity,
Ann. Phys. (N.Y.) 144 (1982) 249{281.
[3] R. Brunetti, K. Fredenhagen, Microlocal analysis and interacting quantum field
theories: Renormalization on physical backgrounds, Commun. Math. Phys. 208
(2000) 623{661.
MD & KHR: Dual fields in AdS-CFT 12
[4] H.-J. Borchers, Field operators as C∞ functions in spacelike directions, Nuovo
Cimento 33 (1964) 1600{1613.
[5] M. Du¨tsch, K.-H. Rehren, in preparation.
[6] D. Z. Freedman, S. D. Mathur, A. Matusis, L. Rastelli, Correlation functions
in the CFTd/AdSd+1 correspondence, Nucl. Phys. B 546 (1999) 96{118;
D. Z. Freedman, S. D. Mathur, A. Matusis, L. Rastelli, Comments on 4-point
functions in the CFT/AdS correspondence, Phys. Lett. B 452 (1999) 61{68.
[7] S. S. Gubser, I. R. Klebanov, A. M. Polyakov, Gauge theory correlators from
non-critical string theory, Phys. Lett. B 428 (1998) 105{114.
[8] R. Haag, On quantum field theories, Dan. Mat. Fys. Medd. 29 (1955) no. 12,
reprinted in: Dispersion Relations and the Abstract Approach to Field Theory,
L. Klein (ed.), Gordon & Breach, NY, 1961;
R. Haag, Local Quantum Physics, Springer, 1992 (Chap. II.1.1).
[9] L. Homann, A. C. Petkou, W. Ru¨hl, A note on the analyticity of AdS scalar
exchange graphs in the crossed channel, Phys. Lett. B 478 (2000) 320{326;
L. Homann, A. C. Petkou, W. Ru¨hl, Aspects of the conformal operator product
expansion in AdS/CFT correspondence, Adv. Theor. Math. Phys. 4 (2000)
no. 3 [hep-th/0002154].
[10] R. Jost, The General Theory of Quantized Fields, AMS, Providence, RI, 1965.
[11] I. R. Klebanov, E. Witten, AdS/CFT correspondence and symmetry breaking,
Nucl. Phys. B 556 (1999) 89{114.
[12] O. Kniemeyer, diploma thesis (Go¨ttingen) on positivity of AdS-CFT correla-
tion functions, work in progress.
[13] A. L. Licht, A generalized asymptotic condition, Ann. Phys. (N.Y.) 34 (1965)
161{186.
[14] K. Osterwalder, R. Schrader, Axioms for Euclidean Green’s functions, 1+2,
Commun. Math. Phys. 31 (1973) 83{112, and ibid. 42 (1975) 281{305.
[15] J. Polchinski, L. Susskind, N. Toumbas, Negative energy, superluminosity and
holography, Phys. Rev. D 60 (1999) 084006.
[16] K.-H. Rehren, Algebraic holography, Annales Henri Poincare 1 (2000) 607{623;
K.-H. Rehren, Local quantum observables in the AdS-CFT correspondence,
Phys. Lett. B 493 (2000) 383{388.
[17] B. Schroer, Lightfront formalism versus holography and chiral scanning, hep-
th/0108203.
[18] E. Witten, Anti-de Sitter space and holography, Adv. Theor. Math. Phys. 2
(1998) 253{291.
